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PREFACE. 



As this work oontams a great number of Integnls fully 
worked out, the Author hopes that it will considerab] j iocili* 
tate the progress of those who are entering on this bianch 
of stady, by showing them almost all the artifices that are 
used in those branches that come within its scope. 

The works that haye been consulted are those of Peacock. 
Gregory, Hall, De Morgan, Toung, and yarious mathema- 
tical periodicals ; also the excellent little work on the Cal- 
culus by Mr. Tate, which, like all the productions of that 
eminent writer, abounds with useful information, apart from 
the able manner in which he has treated the first principles. 

Where integration by parts is used, the whole process is 
put down, but the student should endeayour as soon as pos- 
sible to acquire the facility of running off the quantities 
without writing down all the intermediate steps. 
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CHAPTER I. 

ELEHEmCABT imEOBALS TO BE COMHITTED 10 HEVOBT. 

t (i.)/v=-l^'- 

1 , X 

= - tan-' -. 
a a 

/* dx , X 

da? _. X ^"^ 



(6.) / .. r = vers * -. 



(8.) / . . =-8ec-'-. 



<i EXAMPLES ON THE 

(11.) Ca'dx^:^. 
J log a 

(19.) r^dx^^. 

^ 03.) A^ = log tan I 






,^ ^ r dx 1 

' J'l^ifl+Jx)' •^®* * ~ ? ^^^'^ ^'^^ Integral is re- 
duced to/--f^ = «^ +l^log(«, + 6) 

/Q % P(adx bdx , c<i;» . edxl , & 






(^•)y(i+«^)(i+i»)^d«= /'(^+^+^'+*'')*^^ 
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(^•V ^ — "J^ — 1^ — \7 b+ « 

1 \ , , «* 1 Jflogar^ — Sa:*— ar^— 2 

— 1— a? ja^sslogo;— d;— as ■ ' — r 

/ ^ ^ X 2 a; 



y^-ia ;g^ 4- g . log (g^O 4- 16 

(x + gy ^ Ig fa; + ay + (a; -f g) log Qr — f^)^ + 16 
"^ Ji (a; + a) 

«=J- g-+l0g(v'fl!'+l). 

4 rQ V ^-'^^ « = -, then the integral is 
reduced ^ f'=^^ 

I r i^zyz ^ _\ r ( KA ^ io_d£\ 

B 3 



4 EXAMPLES ON THE 

-5{(^)--(a/|-)--)} 

=5('Vi'--(A^)-i> 

now 7= = / (^— v^4-l 7=^)^^ 



a?*^ 2 a?i p dx 

""2" 3~ "^ 



/(2 a; 
7=. 
1 + va? 



And / ~r = (by substituting i^;!? :=z) 

^ 1 + va? 

= 2 ;3^ - log (1 + ;2r)2 = 3 >/«-log (1 + "^xf ; 

s 

.-. the integral is = — — —+a?-.2(a?)*+ log (1 + V )2. 

/OB^ h./ X dx 
j^ ' — . Let s/'x = ;2r, then fl?=c» 

d il?=3 ;8? (2 ;2r ; 

rx^^x.dx n z^ ^ , ^ pz^dz 

+ -g-" ^ + 2;8f — 3 tan-';? 

= r-af«— ^«? + 2a?* — 2 tan-' a?i 
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dx r dx 



= —p. tan"~V — =- \ (an useful integral) 

r dx^ 1 n dx ^n/Z. d{^cx + b) 

Ja-^lx-\'ca^^~'cj ^ b oT J{^cX'{'hy+{4.ac^'W) 



X'+'-X + - 

c c 



Examples for Practice, 

/^(a + ba)* + ca^){'Sea^ + 2bx)dx (a + bs' + ea^- 

B.)J -^ = g 

6.) / (a + bx)xdx =: « • 



6-.) r kW4+jd5 ^ y ^^j:^) 



8.) /(a + ha^y.ixbdx = (fJl^'. 



^ EXAMPLES OK THE 

(10.) /-(^^ +^* _ '/l^Ti ^r-r— 



(^^•)/(J 



2;r(fa^ I 



(13. 



dx 



\ P <*x 1 

V ^T6i=T^°«^''+''• 
(16.) /^ (»^ + 8;i>^)<?a> ^ ^.{a? + a^)^ 

(a+taf + c^p'-)? (n-m).2c 
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CHAPTER IL 

bationAl fbaottons. 

adof 
(1.) To integrate du = (^ + 2) (^ + 3)» - 

a, A. B P 

(7+3T(iT3p ~ (* + 8)* "•■(•+ 3) "^ (« + 2)' 
.-. « — A(« + a) + B(« + 3) (« + 2) + P(« + 3)«. 

Let a> = — 3, 

.-. — 3 = A (a — 3) = — A. .-. A = 3, 
* - 3(a; + 2) = B (x + 3)(« + 8) + P(«» + 3)» 

_ 2 (« + 3) = B (« + 3) (« + a) + P (« + 3)* 
.'. - a != B(« + 2) + P(» + 3). 

Let * = — 8, 

— 2 = 8(2 — 8) =» — B, .-. B«=8. 

Let » =s — 9, 

-3 = P(3-3) = P, .-. P = -2, 

'*• (« + ax* + 3)» ~ (« + 3)» "*■ (» + 8) (« + a)' 
(« + a)(« + 3)« 

L_ + iogfl±lV. 



6 EXAMPLES ON THE 

y'* Sda ... .. 

(11.) / ^-^=4— = 2 v^qr^. 

/^xdx 1 

(150 /'(^^^^^2^^v;«T6£+^±if\ 

(16.)/ 






(17 



.) I \ n / _ g.(<g'+a'^) « ■ 

*/ j> •. ^/« «.^ 



/ . I. r ON- (n— m) . 3c 

(fl,H-oa? + c«')»» ^ ^ 
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CHAPTER n. 

bationAl fbaottons. 

(I.) To integrate du ^ (^ ^ ,) (^ ^ 3). ^ 

* A* . B P 



.-. « ■= A(i» + 2) + B (« + 3) (« + 2) + P (« + 3)*. 
Let a? = — 3, 

.-. — 3 = A (2 — 3) = — A, .-. A = 3, 
aj— 8(a? + 2)=:B(a; +3)(ar4-a) + P(i» + 3)* 

— 2(a? + 8) =: B(a? + 3) (a? + 2) + P (a? + 3)* 

.'. — as=B(aj + 3) + P(» + 3). 

Let a? = — 8, 

^ 2 = B (2 — 3) » — B, .-. B » 2. 

Let a? =8 — 2, 

— 2 = P (3 — 2) = P, .-. P = — 2, 

a 3__ 2 2 

'*' (a? + 2)(« + 3)2 "■(« + 3f '^(a>H-3) (a? + 2/ 

(« + 2)(a. + 3)» 

Srfai ^ C dx ^ n dx 






+ 2) 



(«+9) 



+ 



«+ 3^» 



'»« C-fl) 



8 EXAMPLES ON THE 

/ T^^^i ^^^ Let 

x^ A B C D 



(a? + 4y(«+ a)^ (« + 4)-^ ^ (a? 4- 4) ^ (a? + 2f • a? + 2 
a?^ = A(a; +2)^ + B(a? + 4) (« + a)2 + C(« + 4)* H- 
D (a? + 2) (a? + 4)^ 

LQt« + 3 = 0, .•.« = — 2, iB2=4, aiidC(« + 4)' = 4C, 

.•. 4 = 4C, ,-. C = 1. 
Let « + 4 = 0, .•.«?= — 4, iB^ = 16,andA(4> + 2)*=4A, 

/. A = 4, 
... a?** - (a? + 4)' - 4 (« + 3)^ = - 4 {«'- 4- 6ic + 8} 

= - 4 {(0? + a) {X. + 4)1, 
= B {« + 4) (« + Ji)' + » (« + 3) (^ + 4)^ 
/. — 4 = B (a? + 2) + D(af +.4). 
Let a? = — 2, .-. — 4 = 2D, .-. D= — 2. 
Let a? = — 4, .-. — 4 = — 2B, .-. B = 3. 

The fraction reduced becomes, therefore, 

4 2 1 2_. 

(« + 4)* "^ (a? + 4) "^ (a; H- 2)« (4? + 2)' 

and its integral is, therefore, 

r^dx r dx , - / a? + 4 y 

y (« + 4)* V (« + 2)« "*" ^^U + 2/ 



IKTEOBAL CALCtTLUS, 9 



(« + 4) 
In the same yfsj, 

p d» — 1 

and — < 1 \ ss ; 

U + 4 a? + 2j «* + 6« 4- 8 

therefore the complete integral is 

^l±i^ + logf^±iV 



.-. Ji = A(«2 + 3) + B(«* + 1), .-. A + B = 0, 
3A + B = 2, .-. A = 1, B = — 1, 

y^ ^xAx ^ rf xdx xdx \ 






os^dx 

B 3 



10 EXAMPLES OK THE 

T . ^^ A . » 



{x" + 1) {a^ + 4) («' + 1) ^ {p^ + 4) 
Let « = V — 1, or «^ =— 1, 

•'. ■— • X SS U A| .*. A SS — —J 

.■.»' + i{af + 4) = B(»' + l), 
...i<^tl) = B(«'+l,,V., = i 

r__^dx^ !_ /^ %s?d96 

' J{^ + 1) (^^ + 4) •" 3y(^'- 4- 1) (*' + 4) 

_1 r {4:a^+ 4 >- (jgV 4)}d^^ 
"■37 (ar» + 1) (a?^ + 4) 



__ 1 /^ / 4 a a? ad? \ 



(5.) du = 



(3a?^ + a?— ^)da! 



(;p^l)'(a;'- + l) 
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(Sa^ + a-^ 2) 



_ A B C P 

"" (a? - 1)^ "*"(«- 1)' "*" (^-ij "^ («• + !) 

8a?» + 1*- 2 s«A(#*+ 1) + B(»-. 1X«*+ 1) + C(jp-.l)«(jrV 1) 

+p(«-iy. 

Letd» = l .-. ds=SA» /. As:l» 

3a?'- + a?-.2-(aj' + l) = B(a?-l)(a>«+l) + C(«-l)«(«Vl) 

+ P(«-1^ 
.-. (2«+3)(a?-l) = B(«-l)(i* + l) + C(«-l)«(a;Hl) 

+ P(-»-lf, 
/. (2a: + 3) = B(«« + l) + C(«-l)(«»+l) + P{«-l)'. 

Let «= 1, 

5 
:.-. 6 ^ 2B, .-. B «= -• 

5«*-.4«-' 1 



^"^ "^ ^-= C(«« + 1) + P(« - 1); if jr = 1, 



2 



.-. — 3 = 2C, .*. C = — - 



ti M r i fa 



2 • 2^ 



ttfc 111 ■ .■ 



= p(«-.i) 



12 examples on the 

•■•^ = -2 (t-0 

^ n dx x^r ^^^ 

"" aj («-i) "^ sy (^« + 1) 

/dx 

Z \ n "Xx , , 
~~ + ?T log -^ -r tan^a? 



2(a?-l)^ 2a?-l'2 °(a?-l) 

(1 — a? + ^^) <^^ _ (1 — ^ + ^) ^^ 

^ ^^ "" 1 + a? + a?'^ + ar* "■ (1 + a?) (1 + a?0* 

1 — ^ -f a?^ _ A B 

^^* (1 + ^) (1 + «') ~ (1 + a;) "^ (1+ a?*)' 

... 1 — a? + a?^ = A (1 + a?^) + B (1 + a?) 
a? = — 1, 

then 3 = 3A, .*. A = ^» 

1 - a? 4- a?'-- ^(1+ ^'-) = B (1 + a?) 
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.-, B = - ^ 



2 
— — 11.* 
(1 — « + «') i;iT 






+«*+<»' 



= ^(3 1og(l+*)-tan-'«- ilog(l + «»)» ) 
(1 + «) 



dx 



Let 



« (^ H- 1)"* (1 + ^ + «^) 



A B 



X (1 + a?)2 (1 + ^) 1 + a? + dj^y 

.-. 1=A(1 +a;)«(H-aj+a?2) +B(l+a?+«')« 

+ C(l + «) (1 +« + a?^)«4- P(l + i»)^a?. 
Let fl? = 0, .-. A = 1, 

1 — (1 +«)*(!+ ^ + 0?') 
:B(1 H-a? + «^« + C(l +i»)(l 4-« + «*)a?+P(l + «faj 

.-. — (3 + 4« + 3«' + a^') = B (1 4- « +«') 



U SXAMnJBl OM THIS 

Leta;=: — 1, ,', B=fc — 1, 

.-. ^ (3 + 4ic + 3aJ^ + a?*) + (1 + « + a?«) = 
C(l + «) (1 + a? + a?') + P (1 + xy or 

- (2 + 3a? + 2a»' + ic') = C(l +x) (1 +a>+^«)+P(l +«)P 

— (a+^-ha?')(l+a?)=:C(l+«)(l+a? + *^) +P(l+«)* 

— (2 +^ + «') = C(l +a? + af') + P(l +a?) 

- (2 + a? + a;«) + 2 (1 + « + «') *> P(l + «) 

«(1 +fl?) = p(l 4-^1?), ... p==a?, 

ia? 

/*/ ££ ^ dx d rfa; ayrfd? \ 

y VT (1 + a?)* "■ (1 + a?) + 1 -h «+ «V 



= ' _„^a..,,/(i±-i 



0?^ 



^ - 2 log (1 + d?) + 



1 H- a; 

2a^ + 3i»* + 4flJ^' 



1 /\ / 2a^ + 3ig^ + 4fl?^ ' a? * \ 

%J \ a^ + fl^ + fl^ «?** + ar* -f. a>V 

_^ 1 - y-a?'* 4- a ?^ + a;* p x^ix 1 

"■ r+U "*" * 0"+"^? y a^** + «' + «* * 2 
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— >y ~ #1 III I ' ■ » lAt . 



1 + 



.'. dx^=.'^ — » 



■'37 (2*- 1)**' 8* a '4/1 +«* y8*»/i + «* 

1 + o ■ • ^ 



/^ ix 1__ , , v/j>' + ig* + a>* 

V 

\/3 V3 

Of thus, 



« (1 + a?)2 (1 -f a? + ar*) 



1+^ + ^^ — ^ — ^^ 1 



x[\ -\-xY (1 +4? + ^"') fl?(H-a?)« (1+a:) (H-^+a:^ 



__ I + a? — « C I +^ + ^^ — ■«? — ar^ l 



16 SXAMPLBS ON THE 



1 X 



1 -^-X-^X 11 X 



xiX-^-x) \'\'xy (1+a?) H-;u + «5 

1 _ __2 1 X 

i "" 1 + a? (1 + ^)' "^ (1 + « + «7 



' Jx 



dx 



(1 + xY (1 + a? + 4?*^) 



^TT "^ ^^ l(« + 1)4 V (1 -f a; +"^* 

And r ^^^ .^^ = AS^ifel}^^ 

/ 1 ,/S«+l\ 



t^^ 



(1+ ^ + x") 



1 .1 s/W^fTx' 1 /2a;+l\ 



Let 



x\x^\y{x'^-\){x^\) 



A + Ba? C D E P 



(fl?«-hl) (^ + 1)=* («+l) («-l)^ir*' 
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/. 1 = (A + Br) (Of - 1) (oj + if x" + 
C(«« + 1) (a? ~ l)ar' + D(a?'- + 1) (« + 1) (« - l)<r^ + 
E(;i?^ + !)(« + l)'^** + P(«' + !)(« + 1)V«- 1). 

Let a? = V — li 
.-. l=(A+B>/^(l + '^^^*(>^^-l)x->/^= 

(A + B >/'^=ri) (2 V^'^IT - Ji) = 
2 A >/iri-.2A — 2>/II1b — 2B, 

/. by equating %K >/ ^^ = 2B >/^^, .*. A = B, 

2A + 2B = — 1, .-. A=B= — i, 

... 1+ i(a? + iy(aT-l)ar^ = i(aT^ + 2««-.2a?*--«'^ + 4) 

= (^'-+ 1) {C(a?- 1) «^ + D(a? + 1) (^—1)^^ 
+ E(« + 1)« ^^+ P(;p + Xf (a?- 1)}, 

.-. 7 («' + 2a:* — a?* — 4ar* + 4) = 
4 

C(a?— l)ar' + D(a?+ 1) (a?— l)ar^ +E(a^+ l)«ar' 

-h P(a?-f 1)« (a?— 1). 

Let a? = — 1, .'. t: = 2C, .'. C= 7, 

2 4 

.-. 7 («« + 2a?* — «»— 4a?* + 4 — a^ + as^) 
4 
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= i (*' + ««- 4«» + 4) = 7(« + 1) (««-4« + 4) 
= (« + !) {D («-!)«» + E (« + l)ar' + P (« + 1) («- 1)}, 

... l(««_4« + 4) 
= D (« - 1) a? + E (a^ + 1) ar* + P (a^ + 1) (^ - 1). 

Leta?= — 1, .'. -=:2D, .«. D = g, 

... \(a'^ ia + 4) - |(a^- ^^) s= -icy^^^d^t^+SiJ-S) 

4 o o 

= _!(>»+ 1) (7a?'-16«^ + 16a? -8) 
8 

= (a? + 1) {E«» 4- P (« - 1)}, 

... _i(7ar»-.16«' + 16a? -.8) = Ear* + ?(«-!). 
8 

1 

Let a? = 1, /b E = 2» 

o 
... - i (8ar'- 16a?^ + 16« - 8) == P (« - 1), 

,*. -. (« ^l) («« -- « + 1) to P (;» — 1), 

.-. p = — («'' — /U + 1), 
1 1 1+g 

•*• a?«+a?^-a?*-ar'**' 4 1+a?* 

1 1 9 1_ 1 _J^ a?>-^a? + l 

"*" 4 * (1 + a?)^ "^ 8* 1 + a? "*" 8 ' a? — 1 a^ 
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1 /* dx ^ n dx 
\ n dx P dx ndx n dx 



^ I r^xdx 1 / ^ Vfd? \ p dx 

"" "ey rT^*""4y «« + 1 '^ij mTif 

+ g {log (« + 1 )• + log (» - 1) - log ( 1 + ^ - log ^} 

tan*"* d^ = =-: :— 

4 4«»(H-*) 

^ ^ ^ (1+ «2) «« 4 

6«— 2 A B C 



5d?-*{J = A(« + 8)(« + 4) + Bar (4? + 4) + Oa?(ar + 3). 
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Let«= — 2= 8 A, .-. A = — - 

4 

a? = — a — 13 = — 4B, /. B = 3 

0? = — 4 — 22 = 8 C, .-. C = 7-1 

4 



y ^ 



(5 a? — 2) JflJ 



+ 6«* -f 8a? 

dx 



__ \ ndx n dx W n dx 

"" ■" 4 y ~ '^ J a?-f2 "■ Ty ^ 



4 



= - J log« -f — log (a? -f 2) — J log (« + 4) 

= i log (^ + ^>" 
(3aj + l)(/a? 



c"-)/^ 



4- 2ic^ + a? 



3a? + 1 A B C 

= — + /_ . ixg "f 



ar* + 2a?* + a? a? (a? -f- 1)^ « + 1' 
8a? + 1 = A(a? + 1)^ -f Ba? + Ca? (a? + 1). 

Let a? = 0, 1 = A, 

2,x-\-\ — a?^— 2a? — l = a?(l — a?) = Ba? + Ca?(a? + 1), 

.-. 1 — a? = B -f- C (a? -t- 1). 

Let a? = — 1, 2 = B, 

... — (1 -f a?) = c(aj + 1), .-. C = — 1, 

/(8'a? -^-l^dx ^ ndx n dx pdx 

ar* + 2a?« + a? ""J T "*" J (x + I)* "^ JlTTl 
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2 

= loga? — ^-^— log(«-f 1) 



^"'^y l + 3a; + 2«' 



« + 1 a? + I 
dx 



1 A 

Let -— -;; — --7r-5 = — r-T + 



l+3« + 2a?^ ;c + l 2:c + l' 
1 = A(2« + 1) + B(«+ 1). 

Leta;= — 1 1== — A 

1 -f 3a? + 2^?^*" "c/a?+ 1 c/ 2d? + 1 

2a? -f 1 
= - log(a?-M) + log (2a? -f 1) = log ^^^ » 

/xdx 
(a?-2)(a? + 3)« 

a; ABC 

Let T T-;--; — —rrr = 7 — Tirr; + _ . « + 



(a;-2) (a? + 3)* (x + S)^ ^a? + 3 ^ a? - 2 ' 
a? = A (a?- 2) + (a? + 3) {B(a?- 2) -f C(a? + 3)}. 



Let a? = — 3, .'. —3 = —5 A, A = g, 

6a?~3a? + 6 _ 2(a? + 3) 
5 ^ " 6 

= (« -f 3) {B(a? - 2) -f C(a; + 3)} 
/. ?-=:B(a?-2) + C(ar + 3). 



33 EXA1IPLE8 ON THB 

Let « = — 3 ; - =a — 63, .*. B = — — , 
^ = a; ^5 ^ 5C, .%C - ^, 






^% n dx 2 pdx 2 /•iiU 

"" iJjxT^ "" ^JxT^ "^ 35 Jo? — 8 

= — - — ^: — loff (a? + 3) 4- — log (a? — 3) 

3 , aj--3 3 1 



36 *a?+3 6i» + 3' 
(fl>' + 3a; + l)<fi» 






T .* - +3^-fl A ^ B C 



«•* + a?^ — 3« .1? « — 1 a? + 3' 
0?* + 3a; + 1 = A(« — 1) (a? + 3) + Bfl?(a? + 3) + Ca?(4?- J) 

Let a> «= 1 = — 3A, .-. A = — - 

6 

47 sa 1 6 === 3B, ,'. Baa ~ 

a? = — 3 -las 6C, .». C = — ^, 

(a?^ + 34? + l)^« 






a?^ — 3a? 



_^ \ rdx h n dx \ r dx 



a? + a 



J 



INTKaBAZi OALCTJLtJS. dS 

=5 - ilog X + -log (« - 1) - - log (a? + 3) 



2 «^ . g.woV ., g 






^ar + 1) (or + 3) (a?^ + 1) 



X A B P 

ic= A(;i?+2) (a?Hl) 4- B(;»+l) («»-f l)-fP(^4-l) (^4-3). 
Leta?= — 1; —1= a A, .*. A=— r 

4rsp*.3; ^asss — 6B, .-. B«4+~ 

aj3^2^2^^^jj 2^1^ 2a?'-+ j2a;-f3 
;»^._ — ^^ ^ ^ 



itf-^ 



a? 4- 3 



• P ^ 



10 ' 
xdx 



\ r dx ^ n dx l/»a? + 3, 

""^y xT^/^lJ xT^'^ToJ ^?Ti ^ 

- ^log(a? 4 1) + ^log(^ 4- 2) 4 ^log (^^ 4- 1) 

3 

4--jQtan-^;i?, 



S4 EXAMPLES ON THE 






W/jr 



d ^ 



-f- da? -f- 3 



^ 1 A B Ma? + N 

Let -^-— — -rr = , . ■ ,, + -— r 4- 



af*+4«4-3 (a? + l)* ' a? + 1 a;^— 2a? + 3 

1 = A (a?^ — 2a? + 3) + B(a? + I) (^^ — 3a? + 3> 
4-(Ma?+N)(a? + 1)2. 

Let a? = — 1 ; 1 = 6A .•. A = - 

6 

6 — a?^4-gay,^3 _ __ (g'^^fiw^s) _ (a? -f 1) (a? — S) 
6 "" 6 6 

= B(a? + 1) (a?'-— 2a? + 3) + (Ma? -f N) (a? -f Ifi 
a?— 3 



6 



= B(a?*^ — 2a? + 3) 4- (Ma? + N) (a? -f 1). 



Leta? = ^l; g = 6B .-. B=^, 






3 — 2« 



Q5 

An . 1 r ^ 






iBO<B 



1 /» «0<B 

1 1 ii a? + ^ 



+ ?;t«u^ — To"* 



di^ 



^ ^y-^ = - i log («« + 1) ^ log ^-j^^. 






Sd B^CAlt^Lfifl otr VSti 






s^ 



(^^•) /"., ? na * Leta? = -, (fie = *-.—(/« 
J x{\ +« ) « « 



= - ^ log (*' + 1) - 



3 o ^ ' / 3(«» + l) 



= -^ 



^+ 1 «' 



«8 3(arHl) 

The foUoydng mdthod of doing the last four integrals is 
very simple, and can be often used with advantage. 

/• dx 
» I tt "rit 

a?(^^+l) 

1 _ (1 4- ^->) -- or^ 
""a? a;^ + X' 



^ ^°g A/^<^' 



nmOBAL CALCtTLUB. ^7 

And / , — TT may be found in a similar manner 
J x{\ + ar) 

1 a + df*) — «* 1 «* 



(1 + df*) — flf* 1 

^» -- Ids — ^OB 



n dx , * / s^ 

«^ (a + ^ar*) 

16 1 



a«* a * « (a + hx^) 
1 1 o + 5af* — *a?^ 



_ J ^f^_. 

Therefore, the original qoantitj is reduced to 

1 6 6« x" 



and its integral is - ^i^, + g^,log (?^ 

d> (1 + «^)* • 



3 



(1 + dT^ — «^ 



1 fl?^ 

~a?(i+^^ ** (i +xy 

» 



98 EXAMPLES ON THE 



Therefore 



« (1 4- ay'y^ 



x^ Q^ 



X or' + l («' + 1)*-*' 
and the integral required is therefore 

y— ^ 1 

y ^ dx _ 1 /^j Jd? dx -\ 

a?«- 1 "" 2y U'^ 1 " i^ + ir 

a?'* — 1 V(« — 3) («'- + a? + 1)* 

1 = A(«2 + « + 1) + B« + C(a^ ^ 1). 
Let «« + a? + 1 = 0, or « = v_£rJ: 

.-. 4 = (3C ^ 4B) s/^ 3 — ec, 
n ^ 1 

Let X == 1, /. 1 = aA, A= -, 



INTEQBAL CAIiGULUS. 39 

.'. the integral is reduced to 

1 /»( dx {x + ^)dx \ 

ij XJZTi "* «« + a? + 1) 



/<?^t-('' •=-!)/ 



(*-^ + 2)d* 



3 
3 



=/ 






^4 



= log a/^ + ? + 4=tan--^ 
V 4 v/3 v/3 

= log v/^T^n + Ji t«^-'(^) 

••• /^-£-j = 3 log (a; - 1) - ^ log V«* + « + 1 

V3 V ^3 / 

And in a similar manner it may be sho^m that 

y^= \ log (^ + 1) - i log V'-^-^+l 



/•do? ^ 1 1 /a? — 1 V a?* — a? -f 1 \ 
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But these inyerse tangents together «re e^tiil to 

4« 



tan-.| ^ I = ten-/ *^» 

J , 4a»' — 1 



/^x* ^ IM \ 1 — «*/ 



•'J cf^i a ^U + i^/i' + ^^ + i/ 



(2i)/(J 



L-tan- Mn/s. \ 



<»^ _ (I -f <p^)y - «» 

" (a?^ + it («^ + 1)'* 

AlMi / ^ ' ."i ' \a ** / Q . I ' v ' S" 

4f m 



«* 4-1 K + If 
Ai ^"^ _ ^ (a?^ -f 1) — a; 

^«^ (1 + ^)3 - {x^^iy 

X X 

s^ af^ a? 



(a?^4-l)' "■ (aT^+ If (a^+ ly 



X fix X 

«* + 1 {x" + ir («' + 1)" 



IKTBOBlIi CAUOVhVS. 81 

and the integral required is therefore 

log s/tf + i + -^^rpY ' jp-+-iy 

{ar+\) = ( a?^2z C08~ +l) (iP^^aj? cos— +iy- 

continued to the factor [a?^^x C09 -— ff + 1 ) when m 
is tn even number. 

This gives 
(ar* + 1) » {jK^'-'ix cos j+l) (ii^^ia COS-^-fl) 



or (oj* + 1) = («« - a?>/3 4- 1) (^ + d> n/3 + !)• 
Since, 7 =* 45' cos 7 wssm - « --j., cot -7- =» — sin 7. 

4 4 4 ts/il 4 4 

Assnme fherefore 



aj^+l ««— a;>/3 + l «^ + a?N/a + l' 

If «^4. « >/3 + 1 := 0, « « '""!-"" ^ (1.) 
If a?^ - a^ n/3 + I =0, 0? =5 . ""!J" (2.) 



32 EXAMPLES ON THE 

Making (1) our supposition, we have 
ar»=-,l— -i=-VCa= --4— ^+D.(a-.2N/^Il), 

r4C ) 

4-2D-2D V-i. >/-i=-J;7^""^^|-^-i +2I>, 

.-. D=0 C = — 



Now making (d) our supposition, we have 

ss (by reduction, as in the preceding case,) 
f4A •» ._ 1 

t7| + «V-^ + '^^' •■•^ = •^•'' = 271 

The quantity under consideration is now reduced to 
1 J X X 1 

The integrals of — - — ;= — and r-=z — now re- 

main to be found. They can both be included in the general 

X 

case 7= , 



2 



= log^ 



^3 



IKTEORAL OAIXmLUS. d8 

3+i 



tan-'(^v/2). This givesy -r~7; 



= log v/(««- «x/2 4- 1) + ton-' («v/2- 1), 

- tan-' (4?Va + 1), .-. ^^^y, iqri == 

log ^ ^-Vg^l + ian-(V5-l) 

+ tan-'(«v/2+l). 
^Tt<^ these inYerse tangents may be reduced thas : 

ton-'(a?v/3— 1) + tan-' (a?^/3-fl) 

= ^( i-(.^a-i)(W2-n) ) 

-1^ logA/^=^^' + -V tan-' (^]- 



a?* + 1 ^ a? * + 1 

1 _ A Ba?-f- C 

^*-f 1 "" «? + 1 d?"* — ;b + l' 



cS 



84 



JgUWJM on TAB 

.\ l«5A(^-« + l) + B« + C(d; + 1) 

1 
<» = — 1, /. 1 5= 3A» .-. A = ^. 



— II."*' .< m i< 

« + 1 



• « 



■*"T~8«B«P' 



(* + 1) 



a?* 4- ^ + 2 



= -.4» + »»P« + C. 



1 ^ X U'^m 






«^ 4- - 



^ 4 



=ji'"-(^)-'<*'\/^ 



y^ dus 1 ^ ,/2«— 1\ 



Jog 



V« + 1 

I 
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Also, ja^dx^-j^ jdx^x. 



therefore ttie original integral is 



X + -—1 tan-i \ — -^{. + leg / ^ = 



The method of integrating by parts is used to great advan« 
tage in many integrals, which is as follows >— 

d(pg)=pdq + qdp, 
.\pdq=zd(jpq)- qdp 

fpdqz=:pq^ fqdp (I); 

or by using differontial coefficients 

In the following examples we shall sometimes use (1) and 
sometimes (2)* 

When integrals are of the form of /«*~* {a + ha^)l d x, 
they can be rationalized by assuming a + haf" := z^ when 

— or h - is an integer. If •— be a fraction assume a + ha^ 

n n q n 



g5 XXAMFU&S ON THS 



CHAPTER III. 



(1.) Jxdxs/a-^x = Jdx{a + a? ^ a) \/a + f 
• ^fdx{a + xf^a J dx\/ a -^ x 



2, .J 2« » 

5 









^^ \/« + a + v/« 



a 



a , ^ i 2 5 



(3.) l!l=:(a-.;i?)(6-;i?)~=:(5-.a? + a-5) (ft-a?)"" 



(j;i; 



^ + 1 



= (^ - «)*• + (a - 5) (6 -;»)'•» 



n 



"" wH-2» w + n) 
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du 



= (4r» + 4a — 3a) ^/iM^Ta 
= {a^ + 4aX — 3a V«^ + 4a. 
To integrate {m^ + ^af (integrating by parte). 

Let 2> = («" + 4a)* ^ == ^ 

^=:3a?(^ + 46)* q^x, 

ax 

\ fdx{x^ + iay=i x[x^ + 4a)^ — 3 Cx'dx (j^ + 4 a)* 
=^{a? + 4a)* - 3 plx(a^ +4.aj- +na fdx{x^-^ iaf, 
.'. pxix" +4a)*= |(«'- + 4a)' + 3a rdx(x^ + 4a)*, 

.-. !* = -(«*+ 4a) . 
4 

(5.) — = — 7==- Let a + a; = «« ■ 
^ ' aa? xy/x -f a 

</u ii« dx 1 o. ^ 

8« = 



rf;2? dx dz {z^ '^ a)z s^ -^ a 

= JL_J 1 L^) 

\/a (;2? — \/a z + vaj 
1 . z-^\/a 1 , ;2f' — a 

tt = — Tirlog ~= = — Tzrlog 



V a ;:? 4- \/a v^a {z + \/a)^ 



38 iBXAMPLSS OX TSB 

I m ii» nu 



= -7= log 



(6.) -— = X , Let a + J«^ = z^. 









24?^ 2 r a T 



%C Ja 



3(1+ /(^-^« ^+v^a)}' 



=s r — log — ■ 

^ 3 ^y?z:s 

=s — i — __U — .,-j: — log ■■ — - . . — — 

8 38 v/6 • 



1 

-s + 1 



i + l 



X 



a-)V(P?^' 



r= ; - ■( if « = « ), 

v/a I « J 

^ JL log \/!*±\/i±Z . 

^^Vs/^ + 'io + l'J n/(« + *)* + ! 

= log {>/(« + J)' + i +:« + J} 

= log {8\/a» + « + 1 + a« + 1} + C. 






3 



^0 EXAMFLBS ON THE 



1 

1 ^ . 1 2a; — 1 



\/5 V5 

2 



J^ 



(10.) r /— = ' Let 1 - ;» = ;^, 

(1 + «) x/r3^ ■" •/ 3^^ 

v<« 1 4" « 

= - log { v'r+TT? + « + 1} 
= - log { VL±I±Z±ijLf 1 



= log 



IMTEOBAL CALCULUS. 41 



2+^—2 -y/l -f.i» +«* 



= log 



— 3« 



(12.) j^ = 



d« Va*-«* a Va* -(««)* 



1 . ,ar' 

.•. «i. = -- sin * -r. 

Ji a* 



(13) 1^- 



d« V(l - a?) (io + Ji) V2-a?-.ar' 



>/9 - (2a?+ l/ 

,% W = Bin~* r . 






dx >/ (;i;8 — a^) (5» ^ ar*) 



or 



.•. w = sin * A / j: Z-. 



du 
08) J^ = 



<te »VV— ^ -/i' — «« 



M 



SXAMPJ<J&9 0» T»£l 



Let « = - 
z 



da 



1 



1 



a^z 



>/ 



i^W-.^V'-^-c----)' 



1 . I 1 _ a^^?^ 
.'. M = — T sin-» 



a5 



2 



1 — -L 



i 



1 . h^ A^ - i« 
= -T sm-» -A/ ~ ^ 



(16.) S- 



<** (l+a;)v/n-^ 



(1 + «) v/a (I + *) - (1 + «)» 

(1 + a>) -• 
.'. u = —v/2(l + «)-' — ! 






(ir.) '4 



^ 



= (1 + ^)\/2(l +ii»')- (1 +^" '^ v/a (1 + arf=^iri' 



mxaiAXi oAuniMfl. 48 






.-, tt s. i (« + v/TTP) • . 

(19% ^^ ^ 

^ ■' d» (1 4. a,) ^1 + «,_«»' 

Lot I + * •=• *, «* = (*- 1)*. 
efu du dx 1 t • 

Let j» = -. ^- = 5 

V dv v' 



^u efu 


Cf2f 1 »' 


dv ^ rf;» 


rft? V» ^3„^l«.i;a 



— 1 



VRR' 

a/6 v5 

T 

8jer — a . «i 8a 4- 1 

= — sin-^' ■ .- "■ ■ * = — em 



>/6« V6(« + l) 

d;0 + l 
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y«yv ^ du 1 

(20.) :=- = y 

»« {a + b) \/a 4- a 

Let a +assz^ — s= 2;8r, 

dz 

du du da 1 

. ^z =a 



dz da dz (^^^ -^ a + 6)^ ' z^ + h -^ a* 



2 ^ ;2; 



2 



n/? 






(^1.) s= 



«^* (« + 6) (« + a)i 



i_|_J L_\ 1 



<* — ^ (a? -f &) >/a? -f a « — * («? + a)l 

.% tt = J tan a/ ^-J— + _= 

(6 — a)5 >" 6 — a a — 5 v iP + a 



du 1 /-:; 1 1 ^^ — a" 



w^-^y5^-^=£ 



da a ^ a y^^« _^« 



V;i?^— «* a*^ a^ — a* 



« 

.«, lA = V ii?^ — €^ -^ a seOT* "• 
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To integrate 



1 



«• n/<^ ± or* 



Let « = -f J— = 5» 

^n d^ </u 1 ^ 



dz dz * dx «*Va*^ ± 1 >/aV ± l' 



a' 



\^a* — x^ , a J. , 

or, = Bin-* -, accordingly as 

we use «• + «* or a' — «*, 



<2?« v^a ^ ;p» —j^zr^ 



2«* 



1 VVT^ 1 Va« — a?* 
— + 1^ 



2 a?^ 
By last example, 



14=: — 



2d; 



+ ilog(a:+ v^^Tl?)-iBin-^|. 
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/. u = a Bin-> - — \/rt* *- »'• 



(26.) ft = iAA±I== ^ + ^ 



/. w = log (a? + V*" — a*)+ see-*-. 



a 






To mtogTAto 



«« 



Va«-.a?«' 


















\ Umta 
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p xax n arax 



=:^'afai-?-(«+J),/a'-*'. 



du 



(28.) — = > . 

Let 1 — 2ac« + aV = «* -3- = 

dz ae 

1 — 2ae *« + fit c ■ =3 — — ' '-^ ■ — » 



du du da sf c 

' dz'^ dx ' dx '^ ae * z y/z^--{l — a* — 1? + a'c*) 

1 1 



.*.«=:-- l0g{;8? + 5/;»2 _ (1 _ «* - (T* + O^C")} 

Or 

(39.) :7- = ■ / . . Let iC = - 

Ju 1 J<^ 5r 



^ ■ 1 SaS mmm m» \ , n 



dz ^ {z''^\)s/l^z' {z'—\)s/lJf^' 

dM V 



Let 1 +/?«== t;«, ^« — 1 Mt^a _ g^ 



<^v ^^2 _ i 
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du du dz v v* — 1 t; 1 

dv^ dz' dv "" (v* — . 2) » * ^JTZTT "" ^— ^ 

rfM_ 1 f 1 1 -) 

av/2 v--v/^ 2v/2 ^-^ 

1 , N/r+ ^ + y/g 

— - log ^ 



1 _ y/l + ^' + y/g^ 



;2r 



^^^•^ <?a^ (1 + a,') ^1 - a;^' 



du 



dz (1 + ;^«) y/z^ - 1 

<fu_^ ^ \/t^ + 1 <^ ,, L 

dv" dz* dx'^ («* + 2)v' y;^+T ^ + 

1 V 1 , ,v/;»»-l 
tt — tan""' — Tn = 7=: tan""* ^ — 7= — 

v/5 v/a x/2 v/2 

1 ^ yr^^ 

= -^tan^- . ' 

V2 \/2« 
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dx • . 1 , dz 



n ax T ^ JL _ az 

(31.) / , => Let d? = -, i^« = — -3 



d» /* <^;«f 



n az _ /* ?f 

_i 

= -""'-76- = -^"^ -76- 



= — sin-^ —-7— = Bin ^— 7=— 

(32.) /^^ "^"^ Let 1 + « = - 

1 dj9 

flj = 1, rf4? = — -x 

' * ^ ^ 1 



;y ;5^ 






p dz ^ 1 Z]! ^^ 

___Ll f yi+a!* l-a; \ 



D 



50 
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1 . .f Vav/l+a^ + l-^ 



1 



= -7ftl<ig 



a (1 + a?) 



^a*^^!— ^+ v/J2^i+;»« 



_ 1 , 2 (1 + ^) {1 - a? - ^/2 y/l + a?'} 

= 7^108 1 3^5-^^:^5 ^j. 



^^^•^ f(l+^)^l^a^' 



Let 1— «* = «'«« 



a^ 



1 +«^ = 



2 + «^ 



aiogaf=— log(;2?^ + l)i 
Ja: __ zdz 



r dx _ rd» g^ + 1 _. /* g^ 
y(i+«^)fl»;»"" A' + i «* + a c/a+«« 

ss cot^ — r = —rz COtr* -^^^ — ■— • 

V2 va >/a va^c 



Let O = cot 



= COt-^ -i—r 



cotfi = 



_yr=? 



vaa? 



cosd = 



cotO 






v/l +cot2 




COS 
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r dx 1 -1 . / \-i^ 



^^^•> /t^ 



tf^ 



Let 1 + «* = «*«* 



(1 - ^) ^(1 + ;52) 

a,« = — i— 1 — ^ =: ? 

ftlogfl? = *^log(;8*— 1) 

K»^ «* — 1 
p dx p dz ^ "~ 1 __ /» rf;8? 



2 






l<>8l T^ — TTT^^^ 






• 



z !r z z z" 

D 3 
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z 'v z s^ 



dz n dz 



r dz n 



+«-i +«+ 



8/ 



r2 -V 1 — flj — aj» + a? + 31 

la^/l — ;i?— a?* + ^ + 3J 






_, g (1 + a?) (a? 4- 3 — a n/1 - a? — a?^) 
~" ^^ 5 (1 + a?)2 



= log — — + c. 

L -^ X 

f 36 ) C ^^ = r ^^ 



=-/: 



df (1— a?) , 1 — « 

=. =cos""' 



y/a -.(!«;»)» ^2 
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dx ^ I , dz 



/* ax 1 , a z 



« (a«» + 6)t a(a + AjB»)i 



<->/-A/^.=/7fS-/^ 









«^<f« 






ar ^ = — + - Bin ' «, 






H EXAMStMU ON THIS 

(39.) r^ll^. Let*» = *« 

/^ada % p dz ^ . ^, ^ 

— ■ SSI -^ i r" = — 8111 * — 

Va»-»' 8*//s/^:r^ 8""* ^i 



J Bin-* — 
8 af 



Let 9 = sin*' —, sin = — , 



ten ft = — s- ^ 

(40.) /* ^^ , ^ /Z__££__^. 



Let aj + a == i, c?ip=-, if 



-/-m 



^^ /* zd» 






unntGBAJi CAL0DUI8. 
11 1 _ 



56 



«• v'l-a' 






« + a 
J 1 </4^ 



jS^dis; 






V8a;».— 1 






^ ^y/%aZ' 



dx 1 






a^^ </a? 



(42.)/.Vi^'*=/;^« +y^. 



r' rfa r> , (l?dx 



a? 



/ aP dx _ /» 
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= - 7 n/1 -aj* + J COS-* (- a?^), 



/I ,«»\ I 



Let0 = jcos-' (— «*) 



COS 4 ^ = — ^9^ 



^ 1+COS4 'V l-aj» 
(4S.) /'^./5zZ?. Lety»='''-''^ 



y 
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rf£_ a'y(l — c')rfy c* - y' y(l-c*)rfy 

» (c»-y? •«'(i-y')"'0-y')(c'-y')' 

/»£« /a?—<f> if _ /'y«(l-c')<fy 

= i log L:iy + 1 log i±i: 

(44.) /-^^ -^^ 

* — «"' v«» — « + *-» 



-=/ 



(a? — »-») V(a?-» -. d?)« — (a - 2) 



. a?~' — « 1 , aj*— 1 
sec""* - = — sec*"* 



Va— 2 ^/a— 2 >/a— 2 icVo— 2 



cos-' i»^«--» 



>/a - 3 a?»— 1 



D 3 
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FOBMUL£ OF BEDUOTION. 

p 0^ dx 



/* 3^ dan ra^^{a^»)da6 p a^' d» 



(a — x) dx 
Making j) = a?*~*, d gr — ^ 



and .'. dp^s^ (n — 1) a?^* </i», gf = y^2 a;r — «*, 

a?"^* (a — a?) 



»/ V 2 a« — or 
= ar-'y/^ax^ij^ — (n — l)far^\/fl ax — x'dx 

= «*-* n/2 ax^aP — (n— 1) . 2 » / ^ y ^ - 

•^ V 2 ax ^ a^ 



+ (n-^l) /^ ^. 



Substituting this value in the originftl expression, we have 

y^ X* dx ^__«_«_- 

4-aa.(«-l)Ap:iL=-(«-l)A^ 

^^2ax^x^ tJy/^ax — 



+ */ 



x/^ax—a^ 
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s/5 

k/^ ax ^ a^ 



aTdx — 4?^Vaa« — 



/^ X Of ilD 



g (2 n - 1) /* a?^-^(^a? 



c^ dx 



p or a 
J ^% ax 



+ «" 



rx ^' (g +^) ^j^ becomes, if p = «'-» 

_ (^ — 1) y* dj^-^v^a ax-^d^ dx = ar-^s/^ ax +x^ 
— ft . a (n - 1) / . ■ = — (» — 1) / ' / > 
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Substitating this in the original expression, 

- (n - 1) / . - a I , 

^\/%ax->ra^ J \/%ax-\-s^ 



_ d?*""^ y/aax+g' a(2n — 1) /* 
n 5i y . 



«»-»<^« 



dx 



J af'y/^ax'—x^ 

/» da? n dx{a^x) 

' «^-i s/^ax'-x^ J 9^ \/%ax^a^ 

p dx 
J oTsJ^aX'-a^ ^^'^ 

Now,ma]dngi, = i, and dq^^^^Z^^^. 

and /. d^ = — na?"'*'"* <f;i?, q = ^/^ax-^x^j 

there results 
/^ (g '^x)dx __ \/2ax •— a?^ nsj^ax^a^.dx 

K/^ax—a^ ^ r ^^ 

^ J x^'s/^ax — ^ 



^ 






dx 



«*"*-v/8aa?— «* 
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Substituting this in the equation (a) we obtain 
p dx f* da 

^ J ar^%ax^s^ ^ 

d» 



+ (n - 1) C- , ^ . 



/ dx __ ^^ax"^ 

af v/Saic - x" a(2n — 1)«* 

» — 1 /» dx^ 

"^ a C2n — \)J ar^' ^/^ax^^* 

y» dx 

r__dx___ _ / * (a + a?)<^^ _ ^ C ,^^ 
J sr^V^ax^-s^ ""*/ af'^^ax + a^ J sf^^ax-^-i/ 

If |) = a?-» and tf g = \ :^. 

w^ax + ar . 

«, , rU'\'X)dx s/2ax + x^ P'J^ax^dx 

We have/ , = . ^/ — ^^r^l — 

+ n / ; , 

J aT'^'^^ax + a^ 

and by substitution in the first expression there results : 

p dx _ '/2aa?+d?^ 



M BXJJfFLBS OK TBB 

+ C^an — a) / — -- + n / , , 



(1 — n) /* <^a? Vafljg + a?' 

a(2n-l) Jar-Wjiaw+^f «^a(3n- 1) 



c/a^ 



d« 



/ jr-^-- — =TT. We have 



(«« + «')• («' + «*)• 



_j^ a^ 1 f g^ + a?^ ^_1 



y'* «'rf^ ^ —a? 

(d* + «*)• "" (2n ^ 2) (a^ + aj«)— ^ 

dx 



\ n dx 
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/» dot ^1 « 

'J (a» + x'y ~ ;? (2n --. 2) (a» + «')— ^ 



an — 3 r dx 



_ 1 a an — a /*__££_ 



^" ^''/(^rir =/^"^ ^" (o^T^- ^^^^^' 



if ps=a?*"S dq=ix(a^ + gfiydx: 



f 



— 1 



' 9^ dx 




+'"-; / 





dU^{€?'^9^y dx 



« — a it-a 



/, tt = a* / (a* — 0?*) « do? — / fl? . a? (a* -« aj*) « i« 

« 

n +1 n + 1*7 
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2n— 1\ /» x""-^ dx 



/3n— 1\ p g*"* dx 



If we make n = ^ this expression becomes 

^^^ x\/^ax-^s^ 3a /* «d^a; 






Also / — ^ = — v/^<*«"-«'* + « ver sin"^ ( - ) ; 

J s/%ax^x* V«/ 

a;*rfa: x \/^ax^a^ a /-z ■„ 

.-. . = — -^ — s/%ax-^x^ 

s/^ax-^x^ ^ ^ 

. 3a* . .(x\ 



y;^ 



dx 1 « 



(a« + «y 2n — 2 * a«(a« + «') 



IV- 1 



— 8 i. C ^^ 



If n = 4 we have Itt-', — 5vi = 



X ^ n dx 



6a^ ' (a^ + ar*)» ^ 6aV(«' + ^) 






H-^r-s #775— r— 5v^» 
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.- p dx I X . 1* -1* 



.'. the required integral is 

1 d; , 5 



c 

5 . 3 X 6 . 8 ^ tMi-i/?\ 



The formula of reduction is 



i;' n — » p ax 
~(n-l) ^^^"^ n-iy «^» (1 H- a^)*' 

If« = 6. wehaye C—^^—. 

c/ ^ (1 + ««)* 

" 5 ' «* ^ V «* (1 +a^)* 

/ Jg _ 1 (jg' H- 1)* 2 r dx 
X* (1 + a^)* "" "" 3 ' ^ "" V «« («» + 1)4' 






</g ' _ — (1 + i»)4 

07 
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And by redaction this becomes 



n dx 1 ( 1 + ^^)* , 4 (1 H- a^)^ 



«« (4r^ + 1)* 

4.3 (1 + ;ir^)* 



6.3' « 

dx 



/-. 



The formula of reduction is 



r dx 1 {»*— 1)* .» — 2 /^ rf« 



(0?' - 1)4 
If n = 6, this becomes 



n dx 1 (jg»-l)> 4 /^ <fay 

y fl^(^-l)4 ""S* «* ■*"6^«4(-c»-.i)t 

r dx _ jx" - 1)4 

Therefore, we have the required integral 

= 1 (a?^ - 1)4 4 {x" - 1)4 ajt (a?g-i)4 ^ 
""6' a» "*"8.6 «» ■^'S^S X 
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CHAPTER IV. 



(1.) ^-i^aog^y 



(log*)'=-P' 



dq 



dw 



^tf 



dp cy 1 ^ 

da X o 



«=^a^-|/^j«iog» 



/«'''»1<'8*U^1 



1 <^ ff ^ 



Ax X 



«=T 



8; 



••• »*= 3 9 '^ ^1 



ar^da 



\p=z(}ogaf) 



r-i 



dq ^ a^ dx 



(«-)/v/isi^ l,^=-^(iog«r^-- 






= ^(log »)"* + 5^ y*'*'* (log *r* 
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Similarly integrating bj parts, 



o?dx Gog«)^* = J (log s£f\ + ^— ^ px?dx {log a?)"*, 
a?dx (}ogxy^^ = |-Gog«)"* + g-^ pfdx (\oixy^\ 
Jl^'dxQog «)"' = J (log a?)-? + J—C^dx (log^)--J, 



.'. u = 



a?* 



4 v^log « 



^ U (log ;»)' S \ 4 (log ^)« 8*4 (log a?) y 3 • 



u = 



^* f 1 3 3.5 n 

v/b^ I ■*" 8 log ;p ■*■ (8 log x-f + (8 log^y + *^- J • 



(3.)/ 



x^dx n , X 



(logxf J 


•e 


(log «)»■ 


p'^x^ 






^ ~ (log 4' 


dp = bx'^dx 


1 


^ 2 (log*)* 


• «« — — — 


«» 


5 /^ tB*dx 



(log *y 
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In lilae maimer, 



2aogxf^''iogx'^^J 



log 



a^dx 
log«' 



•'•**"" 2 (log «)« "" aTog« ■*■ T y iog«' "^ 



(4.) /V^r' 



1> = «* 



^^- 



clo; 



d^« 



" A A J *' 



= o» 



a* 



^ = A 



sf dx 



J A A J 



dx 



/«*« I r ^ a'x a* 
A A J A A* 

r«^ Sx^ 6x 6 n 
= ^'IT-A^+A^-X^| 

(6.) /a?{\6gxfdx jp=(log«)» dq^x^dx 



<fp == 3 (log «)« -^ ^ 



4 



y ar* (log xf dxrsz — (log «)^ — t / ^ (log «)* <^« 
a^ (log a?y dx= — (log ^T — iJ ^^ ^^% ^^^ 
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/ «r'rf« log to = — log « — J I a? dx 






— |(log«)»-?(log«)*+ -jrlog^--jr} 

(6.) r^9i^d.x^(F af'-^A. j^ SB^dx 

/«*flr*<^a: = «*i»^— 3 f e* sf dx 

I e^ xdx =e*a?— /6*Ja?2=e*iC — ^, 

(7.) rer'a?dx^'-e-'a? + i Cer^x^dx 
je^g^dx =— 6-*ar* + ^Jer^x dx 

. . rer*a?dx=-- er*(a^ + 3«' + 6« + 6). 
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f . da X 






^^ \/H- «* 









SB V^l +«'l0g« — log 



^ 



l + \/l+«* 



-v/H-** 



= v/l + «» (log— 1) - log 7:^^/=^ 

=.v/iT^log(7)-log^^J^^^- 



«» — 1 + a 



('•^/^ ''^ F^ "/'' '''"1^ 



Z'.. fg-l ■ (g + 1) - (a^ - 1) 1 



s=:e» 



« + 1 



72 



EXAMPLES ON TAE 



(g — ge)dx _ 



1 — a^ + 1 



(10.) /S^_i!iiL^2^^=/>rf«_L=i^ + L= 

*/ (I -a:) >/!-«« */ (1- a?) >/!-«« 

J XsTdTx (i-a?)*/l-««r 

v^l +« , (1 — a?) + (1 + «) 1 >^1— « 



v 



= • 



= ^ 



\^1 — a? 



("•)/(^ 



p:=z X dq =z 



dp = <f oj 



dx 



? = - 



a(a»-i)*' 



/x^ dx ^ X \ n dx 

^ X 1 p dx 1 p e^ dx 

— — ^ , 1 r^dx 1 z*^ (/« 1 /* g*< 






a? 1 , ^ 

+ H log 



1 1 
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__ a» _ dq _l^ 


■ 






«• A pa^dx 



Y8 



3«» 



Similorlj, 

/afdx ^ a* Pa^ dx 

0?* *" a? J X * 



,\u 


s*- 


a- Af 




^f(- 


-r^ 


V 




: — < 


^^{s^-^ 


A 


A» 
'*'2.3 


i}- 


A» 




2.3ar» 


8.3^ 


(18.) 


du 

dx 


s/ X 


!> = 


1 


dx 


= o', 








dp ^ 
dx^ 


I _ 

— —X 

2 


■' ,: 


a' 



^a^dx 



*a* dx 



.-. u = — : -^ / X 'a* do?, 

A«* ^A^ 



also Z'* ^a'(«a: = -^ + — /*« 'a»(/a? 
^ Ad^ 2A*/ 



Ad ^aJ 



E 



H BXAXPLSa OH THB 



Another result may bQ obtain^ by the following method. 
— — — _- ^^——1 

a 0? 
Also, ^ a*a?icix= - a* ^ — - A jc^o^dx. 

.«. w = 3a*aj* — SAS -a'aj*— -A ( j7a»«« 



-gA^a'^^AcJI 



^' fo A (a«?A)* , (3a?A)» (2a?A)« 



A ^a? I 3 



3.6 3.6.7 
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<u.) -.,.,-.{...-..- 



+fei^+fc} 



fir 



= (»«•+ nai"+* log « + -H- ^■*'* flog «)* + *C' 



a 



m + I ^ 
j^— r ^+' (log«)* d « + &c. 

n(n— 1) (n~g) ...2.1 ,4.1 \ 

■f <^*' ^°8*''*=^ 1 ^°« * - STa } 

r a-+»(log»f d» =: .^1— { Gog "f 

2 \ 

5 log * + (irn/j' 



m + 8 



y «-+»(log*)'<*«-;^ {Oog«)» -ii^Oog*)* 

6 , 6 ^ 

Arranging the terms according to the powers of log x. 



T6 SXAICPUSS ON THX 

/. , ^ . «r+' tt«r+» n»«r+» n»a^+* , , 
' t»» + 8 (m+8) (»» + 4)»- i 

If AT = cdl the terms vanish. 
If « =s 1, /^of * . cf* da> becomes 



» . n* n* 



3 + /«* -J. .q\3 "^ /«. . yi\4"'" *^' 



w + 1 (w + 8)^ ^ (m + 3)» (w + 4y 









logxi? 



1 +» 



+ kg « — log (1 + ar) 



j-^log«^log(I + 4 
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<?HAPTER V. 



(1.) fwcPidt -fwa. 9 (1 - 008? •)<*« 

= — cos (r + — — - ss — cos S + ^^^-3 ' 



2 . COB d sm^ B 
-eosa 3_ 



(2.) Aos^0dd = /cos«(l-fiin«fi)dr^ 

= /cos J ^— /cos ^ sin* ^ rftf 

. . ffln«9 . . 8infl(l-cos«9) 
= sm J- = sin 9 ^-^ ^ 



a sinfl , sin 9 cos* Q 
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d6 pco^^Ode 



-r^.+ r 



COB ^ . ,^ = — COS ^ ^ . a^ — rt / . a ii ' 

ft 
(7d 1 cos ^ 



/*dB _ 1 /* ^tf 1 c< 
S^""2y Bin^""2si 



sin«^ 

1 COB tf 




^ =ilog(tan|)-i|^.^ 

/» Bin' tf rffl /» sin 6d6 p sin tfdfl 
^*"^ y "cos«T"V cos«tf y c«8M 

1 1 1 fi , i . ,.1 

- /L 

3 cos^ fl 1 3 j 

(5.) ra^isar^A^^dx. Let-=«® 

.•. /ic® tan~-^ a/ - €?i» = 3 a* Z^;??'^ tan"^ zdz 
p == tan""* z dq =si^a^ z^ dz 





nrradBAL oALomitM. 




tan" 
3 "^ 


1 '^ r '^ ji 




9 


'* ~fy*{'**~**"*"^ 


1 


<^*» . 


a»f«» f*? , 1 . 
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«»« f ** a? 



(6.) -tt: = cos* ^ !> = cos* B ^ == cos ^ 
^ ' do dO 

^ zat-^Xi COS* ^ sin jf s: sin ^, 

.-. r 'COS*tfdfd = sm^cos'd+ Syco8*^sin*^<?d 

= sin^cos*^ + 5 feos^Bdx-^ 5 fco^^pdx, 

/- ^ _ ^ sin ^ cos® A ^ p AJi <, ji 
cosf^OdO^ ' — ^+- / cos^^rf^. 

Smilarlj, 
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/I 1 /• 1 

ooBPBdBsz + - ijemBco^B -^2 



= "^''{-6-+-8r- + -ir} 



'cos^ ^ . 5 cob' $ ^ 6cosB^ 6 3 

■*■ 16 



dtt 
(7.) j^ s=s sin* 6 cos* ^ c= cos* ^— cos' d. 

But from preceding example, 

/4A^A . .• locos' ^ , ScoB^) . BB 

/^ dA JA • A i<^^ B . 6 cos' ^ 5 cos^l . 5 ^ 

. A f <»8* d ^ cos' B ^ cosBl B 

I ' 
. ^ f cos'^ sin^^-cos'd . cos'd cos^} . B 
= Bmtf| - + g +__+__| + _ 



. .fsin^^cos'^ 1 .„ • s^v . cos^i , ^ 
Buitf I g _coflO(l-sm«<9) +-j^J + - 



sin'tfcos'^ sin'^cos^ sin^cos^ B 
6 ■*" 8 16 "^Te* 
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(^-) -Tk^sin^tcoft as sin'Ooosd — Bin*AooBd» 



^ mn' 9 Bin* 
" 7 9^ 



17 9 J 






^ ^^ J 8m»«"V Bin** V an* 



J)-.C08S __2_ 

dp . ^ I 

008 S /^ d$ 
4sm^d ^J .SI 



am^9 






cosO 8cos9 3. /. 



cose 3 cos 03. / 0\ 

B S 
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nft^ r J^ — r ^m^dO r dO 

, . rfg sinG 

f = Bm -=3 — — --., 

d% cos^ fi 

J» 1 

~ = cos g = r tv 

dB ^ 6cos*0 

"c/ cos^^ ""ScoB^d 5c/ COB* ^' 



6coB*0 6c/ COS* 0' 
Similarly, 

de Bind .3 / <f^ . 

cob'^ 



/ qg Bing » / 

coB*^ "^ 3 cos^ B "*■ 3^ 



^ sin 6 3 sin 
^ 3cos*e 3 coil' 

sin ^ 4 J sin ^ l^sin^ ) 

•"' " "" l^oos*^ ■*" 6 tscos'd "^ 3 cos^j 

■"^"^ l5cos*^"*"l5cos»^'^ ISoosdf 

nn — M^°^ fiin^ (1 — 2coB^^ + COB^B) 
^ ^^ dB "^cos^b"^ cos^B 



sill B ^ , ^ . - o - 
—-3 — a sm ^ + Bin ^ COB* ^, 
cos^ 



1 . ft ^ cos®^ 

/. tt = — -4.acosd s— 

cos» 3 
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If, ^ « • .it l-asin^d + sin^O) 
cos^( 3 J 

1 fsin^e 4sm«fl 8) ' 

■" cose( 8 "*■ 3 8j' 



-j^= — 3 sin^ cos*^ ? = — ^r^-n? 
cos^^ 3 /^cos^Bde 

cos'^ 3 rcos^edB 3 rcos*6de 



2sixL^^ 



^8 rwsredd 3 pco%*ede 






y 813 



siu* ^ ^ sin'^ ^ 



^ J^ cos ^ 

|) = COSd ^5 = -:-T^ 

^ dB sin*^ 

^ =s •— sm ^ J = — . 



Jd ^ asin^tf 



/wsfBiB co8^, 1 /»ja 

sin^^ *^ "" 8sm«^ "^ ^^ sii 



-' -i^.{«.i> 



asm*d 
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EXAKFLBS ON THE 



U=s 



O0S*S 






""sin'dl 



co^6 — 



doos^ 



}-|log(t«n^) 



(13.) S=:^^ 



^ +-. ^ 



dO Bin^BcoB^O cos^^ sin'^cos^ 



sin*^ 1 1 cosB 

co^S cos^ ooB^ Bin'^ 



/Bva^BdB ^ p 



dO 



2) sssin^ 



%^'^^ 



cos B sin B 



dq sin B 
dB'^cos^B 



9 — 



Scos'tf' 



■•/ 



BwrBdB emB 
co^B 



___ sin^ I /^ 



cos^' 



sin^ 



ay c 



j^ 



3co8'^ 2^ cos^ sin^ 



1 Cl-c<>s«^ _7 . 3, r /T d\) 






< . ^ '5. 



r 
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1 1 1 cos'^ 



i^lqr COS ^ 
^ dd siii*tf 



__ cos^ 1 p dB 

costf >, h /* dB 

u = — 



3sm»^ 



. /» acr ^^ 



cos' B smB 5 cos ^ 

+ TTTa — o "IT. 



3 sin^ tfcos^ cos^ 3sm^ 

1 — Bin' ^ 3sin'^— 6oos'^ 
3sin*^cos^ SBinBoosB 

1 1 +3siii'^— 5cos'^ 

3sin'*dcosd Ssin^cosd 

1 ^ 4 (sin' — cos' 0) 



8sin*OcosO ' 3sinficos8 

1 S cos'O — sin'O 

Ssin^^cosO/" 3 asinOcosfi 

— r-r:: r — « COt ^0. 

Ssin^ecosd 3 
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KXAim.KB OH THE 



(»•) T, 



.*. tt = 



=x taii*0 = tan«« (1 + tan'fl) - tarf • 

=:ian«0(l +tan«6)-(l+tan*fl)+l, 
tan^fl 



^tanO + 0. 



(16.) ^= ' 



d& tan^O 



1 +tan^O 
tan^d 



tan^O 



l + tan*0 l+tan*fl 



tan^d 



tan^d 



tan8 



.*. u = 



— 1 1 



("•) s= 






<£^ 



= 36^ 



3^ = cos ft 



9 = sin 9, 



.-. u = ^sin^ — 3 /Jpsi 



sin$d6 



i> = 









5 =sr — cos ^ 



J^^mede ^Bz^e^coae + ^pcoBO do 



P^e 






cos^ 






qsiUm^ 
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fe<yQ%BdB sa BfsviB'-f\^Ode -b rsind + cofl^, 
/. u = ^sin^ + S^cos^ — 6^sm^ — 6cos^. 

(18.) 3- = ■ . ; sin-^ X, 

s^dx dq X 

/— — — f dm n a?d») 

Next, to integrate * , sin"^* », 



.'. w = - (sin"' xy — - -v/l — ^p'sin-** + r I xdx 



1 /^ sin""^ a? Jj? 
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dx (a 4- &cosa?y 

Assume 

/ d X A sm ^ a. T> /* 



<l« Asin^ ._/» c?« 



Taking the differential coefficients 

1 Acos^(a + &oofi|4}) + iAsin^A; 

(a + 5 cosa?)^ (a + 5 cos «)^ 

B(a 4- 6cosfl?) 
(a + 6cos;p)^' 

/. 1 = A cos«(a + hcoux) + ^Asin^o; + B(a + 5cosar) 
= Aacos^p + A&cos^^ + A5sin^« + Ba + B&cosa; 
= (Aa + B6) CO0« H- A J + Ba. 

Equating like powers of (cos x), 

h 

Aa + B5 = a, /. A= B 

a 



Ah H- Ba=l 



.-. B=: 



a^ - W 
dx 



/ax 
{a -f- 6 cos «)* 



h sin a: , * n d 

a* — 6* a 4- 6 COS a? a^ ^W J a + 5 

— ^ f — & sin Jp /* d jtf \ 

"~ a* — . &* (a H- 6 cos 0? ^ a + i cos x) 



dx 

COSX 
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(23.) To integrate efl'coBhx. 

Let jp = cos *« dqsi^ dw, 



dp=: —k^htedx q 



e 



(U 



/€f COS kx fc /* ^» • t ^ 
" COS kxdx = ~ -f -J a^smkxdx. 

{%)f^^kxda^'!!^-^^ 

Multiplying equation (2) by - and subBtitating in equa- 



tion (1) 



]^\ i^coBkx kef^'Bmkx 

i • 



e^coskxdw ^l+jij= ^ -f 5 

/ef^CacoBkx-^ksmkx) 
^ cos kxdx = ^q75^ 

(24.) To integrate e^^ sin kx, 

j)sBin£« dqsser^ dx, 

dp ^=k cos kx g = --» 

{\).'.rr-^s\Sikxdx^-- ^^^^- ^ 



W/ 



«■"*** cos ^o: c?a; 



^^'■<»* cos kx k p ^ . , J 

_^ • I tr^BUikxdx* 

a a J 
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Multiplying equation (2) ^7 ( - ) and substituting in equa- 
tion (1) 



/- 



aiahxdxss — 



r"*»8mfc« ktr^ooakx 



a 



tf 






sin lex dx 



«* + &•/*_.,, , e-« (a Bin lex + k COB kx 

— ^ / r-** sin &« rf« = — i = 

or J a* 

/_^. . , , (T^ (a sin iar + * cos fc«) 
e-«* sin *« <f« = i ^ . „ ^ 



^ V acos*^ + 6sin*^"^ a + 



cos*^ 



fttan*^ 



_ /^J(tan^) L.tjm"Vfcfln« /-^ 

y (1 - ^ COS* ^^ "" / (1 - «« H- ^ sin* «)* 



=/ 






«* M 






I 
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^^-'')*vSn?? 



sin 6 



sin $ . 

" ( 1 - tf 2 ) v/l - e' C08« B " 



(^70 Aoosa^/cos^dd =^(1 -. 8 sin* ^*cos^(i^. 
Iiet8 8in«^=:«» d,B^ ^^ 



du=ii 



v^8 cos $ 
_ (1 — ae»)tafg _ (1 — 8a?» H- ^*) <ld? 



>ft , <*« fia^dx x*dx 

Vfl du as . L^ 7== + 



v/r:^^ v/i-»« v^iz:^ 

yv^rr?'''''^~2>/A-*»+ Isin- a,, 



8 



.-. •St* = sin-i x + x y/l — ar^— sin"' a? 
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+ I sin-i (•» sin &), 

u = v/cos iie ^—-(5 — 4 + 4 cos* ^ 
+ g-^sm-MN/asind) 

= ^^ (3 H- a cos » tf) -v/cos S ^ H- ^— -r sin-» ( v^S sin ^). 

/rtQ\ /^ sin^<^^ /^ sin^<l^ 

J V sin* a — sin* B J \/ cos* ^ — cos* a 

/* d, (cos ^) , r 

=3 -^ log (\/Bin*«'^ain*^ H- coitf) + C. 

If ^ sn a, u = — log (cos a) + C, 



/' sm ^ i ^ ■ cos « 

y = log . = 

« \/sin*a — sin*^ ^srn*a — sin' 



*d + cos^ 
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CHAPTER VI. 

ON DEFINITE INTEGRALS. 

In the process of differentiation all constant quantities 'which 
are merely added to, or subtracted from, those quantities 
'which contain the yariable disappear ; and, on the contrary, 
after intention, there may be a constant quantity connected 
with the inte^al which we have not in Uiat operation ob- 
tained. The letter C is therefore added to every integral to 
represent this quantity, and in order to determine its value 
we must in the first place find what particular value of the 
variable makes the integral O; we thus get two equations, 
both of which contain C, and between these two equations 

C may be eliminated. For instance, if we hsc^e J^x^d^ 

=s or^ + C for the general value of the integral, and the pro- 
blem indicates that for the particular valv^ a? = a, the in- 
tegral becomes O, then O = a* + C; by subtracting this from 
the general value of the integral we get «* — a^, in which the 
constant C has disappeared ; this latter is called the corrected 
integral^ and is written thus, , 



/ 



X 

Za?dx = 0?* — o^. 



In this expression the value of the integral commences when 
^ = a, and if we give another value to x, say 4; = 5, then we 
have fully determined the value of the integral, which is now 
written. 

.ft 



f. 



This is called the definite integral^ and is said to be taken 
between the limits x^=zh and a? = a : the former is called the 
superior limit, and the latter the inferior limit, and the ope- 
ration is called integration between limits. 
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In general //(a?) dx^^ {x) + C. 

In order to determine the definite integral, we must, accord- 
ing to the nature of the problem proposed, assign the proper 
limits, which we shall represent by a and 6, as before; then 
we have 

As every function of x may represent the ordinates of a curve 
whose abscissa is ar, it follows that the operation of inte- 
grating between limits may be applied to finding the areas 
and lengths of curves, the volumes and surfaces of solids of 
revolution, &c. 



Examples, — Areas of Curves^ Volumes of SoUds, dc. 

(1.) The general equation to a parabola of any order is 
y^^" == axm*". Then, since A ^fydx taken between the 
proper limits, we have in this case 






w 4- n 



««+** a?'» + '» -f- C. 



Then we perceive that the area = when a? = 0, /. C = ; 
and taking the above between the limits a? = and « = ^r, 
since the value of the integral commences when o^ = and 
ends when ^ s= ^, we have 



/ 



** ■ * •» 4- n "* «» + »'» 
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(2.) The general equataon to hTperbolas referred to their 
asymptotes is 

/. r = -^. and y=«:-v-' 

m+tt 



/* jk rx^jydx «y\-- ^« «y^ 









We miiflut here determine the conataat C, as in the abore 
exaaiple» that is, fbid when the yalue of so makes die area 
= 0, &c. We must here observe, that this formula fail^. 
when m ^=in; for then A = G + ^^ log x, which cannot be 
determined by the above method. 

(3.) The equation to the tractrix is 

dy ^ 



dx (a^-.5^)4 

. ydx = — dy((X^ — f)^, 



and A ^Cydx = — j dy (c^ — ^) 



= -^K-y*)*-^sin-'? + C. 



a 



Then in order to find the area included by the positive axes, 
let y = — a, observing that C = 0, 
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2 

'I .'. Yfhole area = — r-, •/ sin""* 1 = x- 

4 il 

Since it is shown in all Ti^orks on the Differential Calcolus 
that 



I = .5^and^=:a.y^l + (g)^ 



dV 

d 



it follows that to find the volumes and surfaces of solids we 
have to integrate these functions between the proper limits. 

Examples, 

(1.) To find the Yolume and surface of a sphere. 

The equation to the circle referred to the centre is 
y* = r* — d^, where r represents the radius of the sphere ; 
and as one value of r lies wholly above and the other wholly 
below the axis of a, we must integrate between the limits 
« ss= — r and a? = r ; we have 

(r" - 0^) dx =^ f^. 

If we integrated this without reference to limits, the ex- 
pression we should have would give the volume of the segment 
of a sphere ; and we observe that G = when « = 0, since 
the integral becomes 0. 

Also,S = 2./y^l + (g) =2/y V^ + J' 
= 2«-/^V)*<'«=^«- X 3r* = 4«T*. 
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We might form the integral 

2«-y>/(y» +«*) dsB s= %tJ'J^ dx 

by writing the value of y' given in the equation to the curve. 
Hence the integral = ^vra;, which is the surface of the 
s^rment, whose height is x, 

(2.) To find the volume and suriieu^ of a prolate spheroid 
formed by the revolution of an ellipse about its major diameter. 

The equation to the ellipse is y* = ;^ (a^ — ^)> where a 
and h represent the migor and minor semi-axes respectively. 

Hence, Y ^szw j t^dx = ^ -j / («^ — «*) dx 






which is the volume of a spheroidal segment, remarking that 
C = 0. Next we must integrate between the limits a? = — « 
and ;p = a ; then we have 

58 /*+« 4 



-^'/'V'+(^)' 









^ 



If we write ^ for — = — we have 



fdy\^ €^-^^g^ 



F 2 
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a 



bee /a* ,\, a* . ,eai) 



Here = 0, and if we integrate between the limits atss: -^ a 
and a; ss a we have the whole snrfaee 



iirab ( 



e 



|tf (I -*«)* + sin-'tf}. 



(3.) To find the Yolume and sur&ce of an oblate spheroid. 
In order to determine the equation to this, we merely have 
to change a into b, and we have 



a« 



and V itr -^y (6* - ««) Ap « -^ ^^«— ^ j + C. 

Integrating between the limits dr = — & and ^ = -f- &, 
observing that C=0; forV = when^&=0, .-.the whole 
volume 

and the surface of the oblate sphere may be found in the 
same matiner as the last. 

(4.) To find the volume of a circular spindle. 

Here let O be the centre of the circle of which ^ GB is a 
segment, and let OG = the rad. s r be perpendicular to 
AB, OD = a ; GD = ar and the chord AB = 2c ; GF = y ; 
(see figure page 103,) then we have 

r« = «» H- (y + ay. 
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.-. 5^ = r* — a* — «^— Say, 

V = -Kffdx = wf{f — cf - aj' - %ay) dx 

= »{(»*•- «•)• + ^ - aa/Vi«} 
=s= ,{(r« — a»)« — J — ^« X gen. ar^a DGFC} + C. 

Here C = 0, and the above gives the volume of the frus- 
turn HECE, the double of which id the whole ftustum HFIL. 
The limits are m^ — <?, and « = + C we have volume of the 

spindle 

^^TfJ^j* — a X gen. area ACB}. 

(5.) To find the volume of an el- • ^ ' 

liptic spindle. 




CD =s f , MO = a = semiwuus mcy or, 

and OC = 6 «= semi-axis minor; DO = a, and FG = y. 

Then from the property of the ellipse e being the 

a : 6 :: (««- O* : ^(a«- a^)* =«= PF. 
Hence y = —^ », 









-=: ^|5« Of . ^^^^ - 5Jt . area DGFC} + C 
=3: volume of ECFH, and when a? = c, C = o, 



lOd 
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8c' — c" 
.-. we have v {h^c . — 5-5 2» . area DAC}, 



da' 



(26» 



or, T < rr^ . c^ — 2» . area DAcl. 
LSar y 



the double of which will give the volume of the whole 
spindle. 



(6.) To find the volume of a hy- 
perbolic spindle. 

Putting % = the central distance 
O D, c = A B, and retaining the 
notation employed in the last, we 
have by the nature of the curve. 



OM : OC = 5 : : V(«* + «*) : NF = 



ft N O 




h^C^^-S^ 



.*. jr = OD - NF = » -^ — 



. V 



-> 



!f'*'da 






= ./{.- 






da 






area GFCD i ( t <?^ 

a* \4 



-ft} 



+ C 



area GFCD 



l^a /3c« — 4ar* 






Ik 



)} + c. 
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lOd 



and C = 0. This is the Yolame of the frustam FCEH, and 
for the volume of the spindle we have 



hi 



X areaAFCD 



Ida' 



^ 



(7.) To find the surface of a cir- 
cular spindle. j, 

Betaimng the notation used in 
the last, we have 

no =y + A 




= n/of^ — Fn* = >/r« -- «*, 

.*. y = (r* — ar'Y — a» 



and :^ = rand (3?^) =-5 -v 

da (r«-_fl^)l \dxj r^ -^ sr 

= a.r/{l - -^?=}^. = 2.r{. - asin- ?|+C, 
and C=0, the surface of the part HECF; and if a=c, we have 

S = 2irr y c — a sin*"* — >» 

the double of which wUl be the surface of the whole spindle 
ACBE 
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(8.) To find the vdvme of a 
parabolic spindle. 

Put CD ^ky AB = 2<J, and ^ 
a =z AG, and y ?s FG. 
From the property of the parabola 
AD»: AG.GB :: CP : EG, 
(J* : d?(2c — «) :: A : y, 

the volume of AFH, since C = ; when ^ = c, we have 

■?-(-8—'^+ 6 )=r6 '*•*' = 

volume of the semi-spindle; and, as we have found the volume 
of the part AFH, if we subtract this from the whole semi- 
spindle, we shall have the frustum EHGF, the double of 
which will be volume of the whole frustum EHIL. 

In the same manner as in the last example, we maj find 
the surfiice of the parabolic spindle. 

(9.) In a parabola find the area included between the 
curve, its evofute, and its radius of 
curvature. 

area parabola ANP = /V ^' 




areaevolute 



AN'r-^/^.^^y-C.^a.)*, 






subnormal NO = y-r^ =y — =aa, 

NP.NO ^ I i 

area PNG = r =s^ys=2a * 



^ ^ GN'. N'p' ^ y» 

area P'N'G t= -; ac jS* = ^ /p 

2 4a* 

area APP' = apn + NPG + AN'P' — GN'P' 

4 I ^ J 4 ISaf' 2ir* 

3 ^ 6 y/a *Ja 

20a^^+30a^g*+6jp* 



</a 



(«' + §«'+5'*) 



( 10.) To find the length of the spiral of Afchimedes. 



it 



d$ ds dO 1 /-T-; — 5 

F 3 



106 BXAMPLES OK THB 



dr 



dr 






=_y^ + a'+-iogi, — - — ;. 

(11.) On AB, the diameter of a given semicircle ACB, take 
AD = the chord AC; join G,D; hisect CD in P, and find 
the equation and area of the locus of P. 

Join A, P, and put A P = y, /. PAD = ^, and AB = 2 a; 
thenAC*= AD = 2a cos 2^, andAP ory s Sacos ^cos2(p. 
Let A P = y he drawn in an opposite direction ; then 
p will hecome 180° + ^, and A P or y will hecome = 
2aco8(180°=<p)xcos(360°+2<^)=— 2acos(pco82^ = — y, 
which indicates that when ^ passes 180^ 
the point P will hegin at B, and de- 
scrihe exactly the same curve which it 
has descrihed ; hence, when ^ arrives at 
180°, the curve is complete. When 
y = 0, ^ has three values from 0° to 
180°, viz., 45°, 90°, and 136°, which shows that the point P 
returns thrice to the point A, and therefore descrihes three 

noduses ; 2 area ABP ^=ify^d ^ = 4 a^d ^ cos' ^ (1 — 4 sin* ^ 
cos' 0) = a'9 H- 4- «* sin ^ (3 cos j — 2 cos^ ^ H- 8 cos* <p), 
this hetween ^ = 0°, and ^ = 45°, gives \ circle + | a?, or 
1 '45206 a' for the area APBEA, and hetween ^ = 45°, and 
= 90°, gives \ circle — | a', or -118733' a' for the area 
of the « other two small and equal noduses, each of which 
are therefore = \ circle — \ a', or *05936' a'; hence the 
area of the entire curve comprehending the three noduses 
is equal to the semicircle ACB. 




IKTBOIUL CALCULUS. 



lor 




(1^*) ACDB is a giyen circle, whose diameter is AB ; on 
the chord AD, which is an arithmetical mean between the 
chord AC and the diameter A B, take A P, a 
geometrical mean between A C and A B, 
and show the nature and area of the curve 
which is the locus of P. 

Put AB = a, AP = r, and Z. PA B 
= 9; then AD = a cos 0, and AC s= 2 AD 
~AB=2acosO — a, and consequeutlj 
AP* or r« = AC . AB = a* (2 cos 9 — 1), 
the polar equation to the curve. For the quadrature we have 

2areaABP = f f^dB^a*fdB (^cosB—l) 

= 2a*sintf — a*^. 

To ascertain the limit, put r := 0; then r^ or <i^ (2 cos 0—1) 
:=: 0, and cos tf = i ; therefore the curve makes an angle of 
60^ with the diameter A B; hence, taking the above between 

O = 0,andtf = 60^wegeta• v'3-.-a'.afl-, ora*x -6848. 

(18.) Let the given circle CED, whose diameter is CD, 
touch the indefinite right line AD in D, and from the given 
point A, draw the right line A EC, 
on which take AP = the sine of the 
arc £ C, and find the equation and 
area of the curve which is the 
locus of P. 

The lines being drawn as enun- 
ciated, put CD = a, Z^ DAC = ; 
then A D = a cot^, and, by similar 
AS, CD : AD : : CO : EG = cot(p x CO; but, by the circle, 




EG =:(a.CG — CG^ ; whence CG = 



a 



cot* ^ -f 1 



= a 



sin*^, EG = AP= (a* sin* ^ — a* sin* ^)' =iasin2^; 
the polar equation of the curve. When ip = 90°, AP = 0, 
when ^ = 45°, AP = ^ a, and when ^ = 0°, AP = ; hence 
A is a punctum duplex. 
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Quadrature. — fi AP x d^rss^a* fdf sin* 3 ^ = J a* 

(— J sin 4 ^ + ^^), which, between ^ = 90^ and ^ = 0°, 
gives I of the given circle for the area of the nodus A PA. 

(12.) Let AB, the base of the right-angled triangle ABC, 
be produced till BP be equal to the diameter of the inscribed 
cirdie. Eequired the equation, quadrature, and 
greatest possible ordinate of the curve which is ^^ — ^ 
the locus of P, the hypothenuse AC being given. (/v/\ 

Put the hypothenuse A C =a, 314159265=9r, V/ ^nA 
apd angle C AB =s a?; then, by trigonometry, A B c ▲ 

= a cos 0?, and BC = a sin ;7 ; whence B P = 
AB + BC-»AOssa (cos a + ema ^l), and A P = a 
(2 cos a; 4- sin a; — 1), the polar equation of the curve. When 
a: = 90^ AP = 0, and when dr = 0^ AP=,a; .-. the curve 
commences at A and terminates at C. The maximum polar 
ordinate is when cos j; = 2 sin x, or when sin x = |- ly 5, 
or a? = 26*^ 83' 9'\ 

Quadrature, — ^The differential of the area is = ^AP*<fx 
=i^ a^ dx X (4 cos* a? H- 4 cos « sin a: + sin* a: — 4 cos a: — 2 

(7 8 

- — 4 cos a; — 2 sin a; + - cos 2 ar 
<« <« 

+ 2 sin 2 X J, and the integrals give the area =s i«* x ( — 

3 \ 

— 4sina;-f- 2cosaj + -sin2jp — cos2x j; which, be- 
tween X = 0°, and x = 90®, gives | a* «• — 2 a* for the area 
of the whole curve A PC, or in numbers = •74889857 a\ as 
required. 

The area of the space inclosed by the curve 

-^— — 8 
ay' = ay^N/ a* — a?' is - a*. 

Area = f ydx = — = /^ (^* ~ ^)* ^^ 
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If a? = Area = - a' -|- C. 



If ^ = a Area = 0, 

.•. Whole area = -4— «*• 

— — J 
from « = lto«a=2i8=log(« + «""*). 

<^y _ g* (g* — 1) — g* (g* -f 1) <?* — 1 
5i "" (^ — 1)* ' ^Tl 



1^^« = 



Ci«8 (^ - 1)2 






... s=/..V^-5S=/ 



tf^ + IJa? 



tf' 



?^"^y im"7/ ^^^j irzT"-y * 



S5=Iog(«*» — I) -« + C. 
If « = 2 S = log (g*- 1) — 2 + C. 

« = ] S=:log(tf«-.l)- I + C, 



110 SXAMPLES Oil THE 

.-. £rom«=2to« = l S=log(«*— 1) — log(«*— 1)— 1, 

8=log(«« + l)-log* 

= log(f±i) = log(. + 0. 

(14.) The length of the curve Sa^ = «♦ + 6a»«*, 
measured from the origin of co-ordinates, is 

^ (-' + *••)* 

1 + 1^ = ^ (*• + 6a««« + 9a««» + 4a») 
= j-jf** + 8a? «♦ + 8<»««« + 0^ + 3«' (*• + 2«»«» + a*)} 

= 4a« («* + *«*). 



••• • =y«'' V 1 + ^ = a^J^** + «*) v/i?TT 



o'cl^ 



= ^J(-^ + 4^)'. 
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(16.) The volume generated by the curve y* (« — 4a) =t 
ax (or — 8 a) revolviBg about the axis of a, from « = to 

a? = 3ai8 = -fra'(16 — 16 log 2). 

« a^ — Zax ( 4a* \ 

f^a — = a ( ar -f- a + — ), 

« — 4a \ X — 4a/ 

.'. V=fr I f^dx^siwa ( — + aa? + 4a* log (x — 4a) J H- C. 
If a? = = 4*ra* log (— 4a) -f C. 



IfdTss da 
— H- So* + 4a*log(-. a) j -f C, • 

•. V = ira 1^' -" 4a* 5log (- 4a) -log(- a)^\ 

= ^a«Jl6-81og4} 

= %«|i6 — leiogaj. 

(16.) Find the area of the curve in which 

__ (a? — g») sin e cos 9 
"" v/a* sin* + 6* cos* fl 



area 



' ^J ^J a*sm^O + 6*co8*d 

_1 Wa?-fe*)«8in*^d^ 
""ay a*tan*tf + 6* ' 
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1 /f 

Let X = tan $, d$=s da sin = 



^ + «* y/l+of^ 



-1/ 



(«' - *T 1-^r-? 7-^-T d* 



area =-/^ 'l+a?MH-a?« 



a^«^ + 62 



(a^-byar'dx 






•h*")*' 



-. U A B C 



= A(l + m'y + B(a2«?« H. ^«) + 1,(1 4. ^) (a«aj» + *«). 

A = - a« 5^ 

Let« = v/^; -(«««*«)« = -B(a8~6«), 

.-. B=a«-.6^ 

6«(1 +«»)(a»+a«ar'-a«H-5*) == c(l +^) (a«a?«+ft*) 



•*V («' 
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p dx X ^ r ^* 

"y 1 +«• "^ 2 (1 + ««) "" »y nr? 

1 /* <2;r 4T 

...area —j——-^——j __ 






4 (1 -h 0?') 



rf&, ,a«? . a* + ft* ^ , a? 

^ — — tan""* —— 4- ■ tan""^ x 4- .i . 

2 6^ 4 ^ 4 (1 + ««)• 

Taking this between limits ^ = and d = 00 ; 

or, x=zO x^s^co 

a* + fc* T ah V (a — ftV w 

area = =s ^^ -. 

4 2 2 2 4 2 
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(17.) The length of the epicycloid after «ne revolutioii of 
the generating circle = 8 - (a + 2^), and the area between 

the epicycloid and the circle s=7r^(S-j ) 

"5 2 )» equation to epicycloid in terms of nwL. 

i^ector and petp: on tangent where c = a + .2 5. 

d$ r 



dr y/f» _ ^ 
dr" a Vc^ -.r* 



« = 31' 



>/c*— r*-f-C. 



If r =a + ^^ = <?> then s as 0, C s 0. 



If r K a, then < s= 



a a 



, 4fc . _ V 
« = ±— (a + 6). 



ihence whole length of arc of epicycloid 

= — (» + *)• 
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Also to find area t-s= 



^r*-.|>« s/(?-^€? as/<^-f* 



1 /• c ntdr \/r' 
area=:- iT^dQ^'-- / 7== 






Letr* — a«=«*, r(lr = «d;?, c» — r* = c» - a« — «*, 






;8* 



^^^ 



""aac/^/flTi: 



v//s* — «* 



area = -- ^ ;* v//?-«» + £^gin-* i. + c. 
4a 4a p 



If r = a then ;;; = 0, and area = 0, 
r = tf then g* — ;»• = «* = c' — a*, 
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a« 



.-. semi-area =-^-r ^sin^ - . • 

^ c («' — a*) V 
4a ^ 

area circle = - Sr^ s ira&, 

area between epicycloid and circle =s —7-- -v — va6 

(a + 25)45(a-f.5) , 

^ I . II ■■ ■ TT — WHO 

4a 

= -(a»* + 3a6 + 2J»-a»5) 
a 

= .M(S+H). 

(18.) Find the length of the curve where 

a?t -I- yf ss a* , 

Taking it between the limitB asaO, m=^<h 

3 
I? = — a. 

The whole length of the curve 4 x - a =: 6 a. 
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(10.) If /i = height of a parabolic frustum, a and h the 
radii of the ends, show that 

Frustum =—-(«* + V). 
Equation to parabola ^= 4m4T. 

Vszwl i^dx ss^irm / xdx 

= !^{4m« + 4m(^ + ;i)} = ^(a« + &')• 
(20.) Find the area of the catenary 

Kiesk^ fydx^-J [^e^'^e *jdx 
af - -^\ 



(21.) Find the area of «*y* - aV = «*. 



«» 



y = 



V^rrr*' 
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dof ^ rdx 



area 



J J\/g^^a*^ J ^*' 



If a^ -. a* = a^«*, 

a 



m = 



X/t:^ 



log X = log a — - log (1 — a^\ 



dx ^ , 

— = . dz, 

X !--«*' 

.*. area ^ o? I - r: r dz = a* / ^dz 

J z \ ^ sr J \ ^sr 

"^ 4.J i-^z'^lj i-^z a^i + i 

a' , 1 + ;? a^ 
= — log tan * z. 



But^ = •*-«* -• 



a* xV' 



a« 



.*. area =: — loct ^ — — tan — 

xy 



2 I ^8 /y/ ay — a* ^ xyY 
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(92.) Find the yolmne generated by the revelation of the 
witch round its asymptote. 

y* a= 4a* equation to witch, 



8a« 



X = 



y* + 4a«' 

4a* dy 



Volume = w Ca^dy = 16a* «• C, ^^ . ^«no 

y y» + 4a* y (y* + 4a*)* 

^ ^(y* + 4a*)*" 2y*+ 4a*"^ 2^ y* + 4a*' 

Volume = 8a* AT , ^, , + Sa*^ /V- ^, 

y*+4a*^ c/y*-f-4a* 

« 8a(* w -r-^-h + 4a»^ tan-» -^. 
y* + 4a* 2a 

Taking between the limits of y = oo and y = 0. 

Volume = 4a'ff tan""* oo = 3a*«-*, and whole volume 
generated by curve both above and below the abscissa 
= 4a«7r*. 
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MISCELLANEOUS EXAMPLES. 

sj^ax — 4?* 
xdx{a +(a — a?)} 



=/ 



\/%ax — a^ 



/axdx p{a^x)xd 



/ 



(a — «) da? . a? 



=s ir sj^ax — ar* -^ J sj ^ax -^ a^ dx^ 

/' axdx ^ /*{ (a — a?) Oj—^} Ja? 
\/2aa?— 45* «>^ 



sj^ax-^a? J sj^ax — a^ 



s ^ a sj^ax — ar* + a* . ver sin""' - , 
= (a? — a) V 2aa? — a?* + «^ ver sin~^ -, 
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.'. *J sj^ax — «* . ix 






ver sin * - 



This integral is used by Eamshaw, in finding the centre of 
gravity of the area of a cycloid. 

/x^ dx 



s/^ax-^a^ 



By formula of Reduction, 

x"* dx 



f 



^^ax -f ^ 



"" n n J yj%a 4- x 



i^dx 



yar ax 
—/ — 



xs/%ax + a?'^ _ 3_a r_»_dx^ 

2 ^y 



sj^ax + a?' 



Also / • 



xdx 

s/^ax-^-x^ 

r* dX 
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da 



And 






■•■/7 



xdfX 



%ax^x^ 



= \/2 a a? H- ar* — . a log {a H- a -f \/%ax + a?^}. 



^ '^ */« f2aaj — ar 



xdx 



\etp =: X dp = dx, dq = 



(2oa? — a:2)i 
^ dx 



,\q^r .^^ ^ ^ =^f(^^-») ^x^dx = 
J {^ax^a^ c/ 

A. 



- a* 
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— * / X ^ 1 r s/»'dx 
a V 2a — « a%/ ^/Ua — x 

__ a / X 1 f ^da 

~" a 'v ^a-^x a J \/2a« — sc^' 

bnt by the formula of redaction, 



a 



/ / = = — v/2a« — «* -f o vers"* -, 

v/2aa:-a:» 

« / ^ , ^ / 



J? 
vers"* -, 



taken between the limits of and a, 



, ==H.l-!: = 2-? 

(2aa? — jr2)i 2 2 



This integral is used in Barlow on the strength of mate 
rials. See pages 364, 365. 

,A\ r ^dx /I. m-^a ^ 1^ _i«\l 
^"-V IF^-^W'^^TTa^ Ta"^ a)-d 

/"* dx aB 1 J! 



o 2 
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^*'^ J (* + «)(«*+ by 

_ 1 . * + a 1 a» 4- i 

- (a* + })» *°« y^^ "•^ 35KT6)"F+J 

^ -* J (a + 6*»)' 

(5«' 8a«\ 1 9 /^ d» 

86 ■*" IFy ' (a + bxy "*■ Spy a + bx> 

/ *' d^ 1 a^ 1 Sa 

The formula of reduction 

da v/l— «^ 



(..) /■ 






L-*l 



-./; 






gives the following integrals, taking m odd 
dw ^^^ ^1^ y/i — i« 






/ <^a? _ \/l— a;^ 1 r dm 

r dx _ ^ s/i — ^ 8 r__dx__ 
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Taking m even 



</«. \/l^rOl^ 



+ C 



/- dx _ _ y/JT-a^ a / * dx 

The following integrals may be done by the general form 
I /V-> (a + 5«")7. 

y ' d» 1_ , g + 6g — y/a 



(12 



/ dx 3_ . _, / ta> — a 
7^/^^^ ~ v/a ' ^" "^ ** 



(13.) 



1 1 v/^ -h &« — v/a 
•f 7= log 



"~~~^"^r **'R I /~~~ 

aVa \/<» + ** + V<» 

f dx _ f 1 _2_\ __f___ 

^^''■V (« + 6^ ~ V.3a(,» + 6;i^) "^ 8a? >/ ^I+T^' 
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I 






(18 



(19. 



(30. 



(ai. 



(32. 



(28. 



(24. 



I6nb' 



/ ^ = -/ 

c/ (2oa? + a^)l I 



2 



3(2aa; + a^) 

X + a 






a* \/2 aaj + «* 
&' xdx e* 



Show that 



/ 



/aw 



d0 



tan- 
2 



r 9^^adx = 2«^« («* — 3« + 6 >/a? - 6). 



sin'^<;« = 



a(a* + 4) 



T ^ . , (a sin « + 2 cos x). 



<^ + 4 



/ ^cos*« = — + 
c/si 



^ eF cos 2iP ^ sin 2a? 



10 



+ 



toxica 1 
= 2tan« + — :; h 



sin'droos^ar " "" ' 3 ' tana;' 



also, show that the integral is 



A 1 8 ^^ 

■r • -: -3 Q cot 2«*. 

3 sindTCOB^^ 3 



(26.) frz 



de 



tan' 



.» COS* <? - ^137 V 



1;^}' <■ 



1). 



* It is obferved by De Moigan, that we are liable, in using artifice* of 
integration to produce results which appear difierent, but which in fact onlj 
differ by a constant. This discrepancy does not appear when the integrals 
are taken between definite limits, since ^a — ^h=z^a-\-Q — ((fh -^-C), 
are the same. See De Moxgan's Differential and Integral Calculus^ p. 116. 
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\ r ^^ _ 1 / \/?^l cos ^ — sin e \ 

i^^')Jl_^^^ - 3^/rZ7^^^ iv/?:='l cos(9 + 8in(9J 



> 1). 



yds 3 c aB -^ b \ 

8in« (a^ + i) cos^ (a^ 4- *) "^ 2^ ^^ **^ I ^ ^ 



(28. 



k (29. 



(30. 



(31. 



^32. 



y (33. 



V (34 



(35. 



(36. 



a |cos (a ^ + ^) 2 (sin* aB-\-b)] 



d B vers 2 ^ 



sec ^ cosec B 4 



/ <^ ^ cosec 2 ^= - log tan ^, 

r dB' 1 
/ — 2 — -: = - tan n ^, 
y cos* nB n 

y-* dB _ 1 1 4- sin 2 ^ 

l-tan»^ •" "^ 8 ^^ l-sin2l>' 

/_-j-J: = -— : h ^ log tan 45 + ^ ) 

^sin^^cos^ 3sin«^ sm ^ 2 ^ \ '2/ 

/BiD^BdB ^ , . 

•^— ^-^;— s= cos ^ + sec (9, 



cos*^ 
(j^ 1 



^ sin ^ cos* B 2 cos^ B ^ 

/sin® B d B _ sin^ (9 2 

cos* ^ ~" 5 cos' B 6*7 cos' ^ 

)/ / r*sin^rfdJr= — g(E» — r^(co8^ — cos^). 

This integral is used by Professor Moseley on the arch. 
See the *' Mechanical Principles of Engineering and Archi- 
tecture,*' page 467. 

(37.) AOB is a quadrant of a circle, O its centre ; diftwany 
chord BED, and OE perpendicular to it, upon which take 
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OP equal to half the cosine of the arc BD, and determine 
the quadrature of the locus of P. 

(38.) CP and CD are conjugate diameters of an ellipse, of 
which the semiaxes are a and h\ P F is perpendicular to D C : it 
is required to find the area of the curve, which is the locus of F. 

(39.) A r^ht line drawn from a given point cuts a given 
circle, and the intercepted chord is tiie minor principal axis 
of an ellipse, whose area is equal to that of the given circle. 
Find the quadrature of the curve described by the vertex 
of the ellipse. 

(40.) Supposing the arc of a semicircle to be stretched out 
into a straight line, and an indefinite number of perpendiculars 
erected on it, each equal to the versed4ine of the correspond- 
ing arc ; what would be the length of the curve traced out bj 
the tops of the perpendiculars ? 

(41.) The polar equation to the parabola is r= ^ . show 

cos*- 

that the area = a^ f tan h + o ^^ q ). 

(42.) The equation to the lemniscate being («* -|- ^y = «* 
— y^y find its area between the limits of « = and x^l. I 

(43.) Let the base AB of a right-angled plane triangle be i 
given, and in the variable hypothenuse AG, let there be con- | 
tinually taken CP equal to the perpendicular CB. Find the | 
equation and quadrature of the curve, which is the locus of 
the point P. ' 

(44.) ACB is a given quadrant of a circle; A the centre, I 
and D any point in the curve. Draw O D perpendicular to A B, | 
and take DP = BO; then the area of the curve, which is 
the locus of P, will be = the circular segment CDBC. 

(46.) The perpendicular BC of a right-angled triangle A B C 
is given, ana in the variable hypothenuse AC, let AP be 
taken, so as always to be equal to BC; required the distance 
BP of nearest approach, and the quadrature of the curve, 
which is the locus of P. 

(46.) Find the content of the sblid generated by the revo- 
lution of the curve, whose equation is (a^ -|- x^) y* — «* . 
(a^ . 4^) = ; about the axis of x, I 
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